Let X be a Banach space and T : X → Y be a linear operator, then T is compact if it maps bounded sequences in X to sequences in Y with convergent subsequences, that is, if x n ∈ X is a bounded sequence, then T x n ∈ Y has a convergent subsequence say, T x n k in Y . The eigenvalue of an operator T , is a scalar λ if there is a nontrivial solution x such that T x = λx. Such an x is called an eigenvector corresponding to the eigenvalue λ. A vector space is complete if every every Cauchy sequence in V converges in V . It is known that every finite dimensional normed space is complete and that a Hilbert space is a normed space that is complete with respect to the norm induced by the inner product. In this paper we have established the conditions for completeness of a compact operator T whose norm is an eigenvalue.
Introduction
The class of compact operators has generated a lot of interest from mathematicians. This could be due to fact that it is fundamental in characterization of operators. A bounded linear operator T acting on a Banach space X to a Banach space Y is compact if it maps every bounded sequence say, {x n } n∈N ∈ X into a sequence {T x n } ∈ Y with a convergent subsequence, or equivalently if every image {T x n } ∈ Y contains a cauchy subsequence. Every bounded function is continuous, the sum of the two continuous functions is continuous, and so is any scalar multiple of a continuous function. Every convergent sequence is cauchy but the converse is not necessarily true. As a result there are sequences which are cauchy but not complete. Compact operators maps weakly convergent sequences into strong convergent sequences. That is, suppose T ∈ B(X, Y ) is a compact operator and (u n ) is a sequence in X such that u n u, then T u n → T u in Y . The set of compact operators K(X, Y ) is a closed linear subspace of the Banach space B(X, Y ), so that K(X, Y ) is also a Banach space [3] . If a linear transformation T maps bounded sets onto precompact sets, then it maps the closed unit ball onto a compact set. A necessary condition for compactness of T is boundedness, which implies that every compact linear operator is bounded [6, 7] . It is also known that the image of a closed unit ball is strongly closed and in addition, if the image is precompact, then the image is actually compact. This however is not universally true for Banach spaces. Compactness conditions are consequences of continuity conditions. Hence compact operators are also completely continuous [3] . Let T be finite dimensional and self-adjoint operator on a Hilbert space H, then T has an eigenvalue λ and the set x λ = {x ∈ X : T x = λx} is the λ−eigenspace of T on H. If the eigenspace x λ is finite-dimensional, then all the eigenvalues are real and |λ| = T or |λ| = − T [6, 4] . Matthew [5] asserted that for any compact self-adjoint operator A on an infinite dimensional Hilbert space H we may find an orthonormal system of eigenvectors {u n } n∈N corresponding to the non-zero real eigenvalues {λ n } n∈N such that every x ∈ H may be written uniquely as x = ∞ n=1 α n u n + v where α n ∈ C and Av = 0. If A has an infinite number of distinct eigenvalues then we have λ n → 0 as n → ∞.
Preliminaries
Definition 2.1. [2] . A sequence {T n } ∈ B(X, Y ) converges strongly if lim n→∞ T n x = T x, ∀ n ∈ N for every x ∈ X or equivalently, lim n→∞ T n x − T x = 0 for some T ∈ B(X, Y ) and for every x ∈ X. Definition 2.2. [2] . A sequence (x n ) of a normed space X is to said be Cauchy if for every ε > 0 there is an N such that x m − x n < ε for every m, n > N . Definition 2.3. [2, 8] . The space X is said to be complete if every Cauchy sequence in X converges (has a limit that is in X). 
Definition 2.6. An operator T : V → W between two vector spaces is said to be of finite-rank if its range is finite-dimensional.
Definition 2.7. If {T n } n∈N is a sequence of operators in B(X, Y ) and lim n→∞ T n − T = 0 for some T ∈ B(X, Y ) then we say that T n converges uniformly to T or that T n converges to T in the uniform or operator norm, topology on B(X, Y ).
Definition 2.8. [1] . A bounded operator T : X → Y between Banach spaces is compact (respectively, weakly compact) if and only if for every norm bounded sequence {x n } ∈ X, the sequence {T x n } has a norm convergent (respectively, weakly convergent) subsequence in Y .
Definition 2.9. [1] . An operator T ∈ B(X) between Banach spaces is said to be power compact if there exists some k ∈ N such that T k is compact.
Main Results
Theorem 3.1. Let X be a Banach space, then there exists an operator T : X → X which is compact. Moreover, there exists a subspace M of X which is dense in X and complete.
Proof. Let x, y ∈ X, α, β ∈ C and T = |λ| ≥ 0, then T x ≤ T x = |λ| x . Thus, T is bounded. Now, T (x + y) = T (x) + T (y) and T (αx + βy) = T (αx) + T (βy) = αT x) + βT y. Thus, T is linear. Let x n ∈ X be bounded such that x n ∈ X is cauchy, then since X is a Banach space there exists an > 0 and an N ∈ N such that
Then,
That is,
Without loss of generality, we may assume that x m k = x m and T x = y ∈ X we have,
For instance, the operator T n : X → X, where n is a finite natural number is compact. For since if T n ≤ 1, then
Now, let M = R(T n ) such that for all y ∈ M , y = x − T n z and x, z ∈ X. Then, T n x ∈ M and there exists a q ∈ N such that T n+q y = T q x. Implying that
Substituting in y we obtain
Let y 1 = x 1 − T n z 1 and y 2 = x 2 − T n z 2 be in M , then
That is, y 1 + y 2 ∈ M. Also let α ∈ C then,
Therefore, M is a subspace of X. Let {y m } = {x m − T n z m }, {y l } = {x l − T n z l } ∈ M and by 3.1 and 3.5, then
That is, there exists an > 0 and an N ∈ N such that
So that {y m } ∈ M is cauchy. Also, by 3.4 and 3.6, we have
So that {y m } converges to y ∈ M which is also an element in X. Thus M = X. From 3.7 and 3.8, M is complete.
Theorem 3.2. Let X be a Banach space, Suppose F β is a finite rank filter of idempotents on X such that ∀ x * ∈ X * then F β x * → x * in norm and F β is complete.
Proof. Let X be a Banach space, Suppose F β is a finite rank filter of idempotents on X such that ∀ x * ∈ X * and z * ∈ X * then ∃ a y
Thus,
Since T is compact, it maps weakly convergent sequences to strong ones. Hence
We choose a z * ∈ X * and a λ associated with z ∈ X with |λ| ≤ 1 such that
Theorem 3.3. Let X be a Banach space then there exists a compact operator T whose norm is an eigenvalue which forms a complete space.
Proof. Let X be a Banach space then there exists a bounded sequence {x n } ∈ X an > 0 and an N ∈ N such that x m − x n < , ∀ m, n ≥ N and
Without loss of generality, assume that there is N 1 , N 2 ∈ N such that
Implying that T is compact.
Theorem 3.4. Let T be a compact operator, on Banach space X, whose norms are eigenvalues. Then the following conditions are equivalent:
(i) T is uniformly continuous.
(ii) T is bounded.
(iii) T is limit point.
Proof. (i)
We show that (i) ⇒ (ii). Let T be uniformly continuous, |λ| = T ≥ 0 and X be a Banach space, then for every > 0 there exists δ > 0 such that for every x, y ∈ X with x − y < δ we have T x − T y < . Thus,
Hence T is bounded.
Taking limits as m, n → ∞ on both sides of inequality 3.9, we have lim m,n→∞
Therefore, {T n } n∈N is Cauchy and since {T n } n∈N is complete by theorem 4.19, every Cauchy sequence converges. Hence T n converges say, to an operator T , that is, for every > 0 there is an N ∈ N such that T n − T < , ∀ n ≥ N. Thus, T n converges uniformly.
Also, since {T n } n∈N is Cauchy, then for every > 0 there is an
Since {T n } is bounded and compact, there is a subsequence T n k ∈ B(X) such that for every > 0 there is an N 2 ∈ N such that
Choose N = max{N 1 , N 2 }, then
Thus, T n → T strongly.
(iii) (iii) ⇒ (iv). Let T be a limit point. Then T n − T → 0 as n → ∞. Let x, y ∈ X and since T and T n are compact and X is complete, there is a n, m ∈ N such that T x n = T x and T x m = T y. Choose x n ∈ X such that T n x n = y. We have, T x − T y = T x n − T x m = T x n − y + y − T x m ≤ T x n − y + y − T x m = T x n − T n x n + T m x m − T x m = (T − T n )x n + (T m − T )x m ≤ T − T n x n + T m − T x m → 0.
Thus, for every > 0 there exists a δ > 0 such that T x − T y < whenever x − y < δ and choose a δ = |λ| , where |λ| = T . Hence the assertion follows.
Notes and Comments Let X be a Banach space, then there exists an operator T : X → X whose norm is an eigenvalue which is compact. Moreover, there exists a subspace M of X which is dense in X and complete. T is uniformly bounded, continuous and a limit point of a sequence {T n } n∈N of compact operators whose norm is an eigenvalue.
